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Part 6
-Exotic superfluid and nucleon superfluid-

» Toward neutron star physics from ultracold atoms
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N %2 | Superfluid A. L. Watts, et al., RMP 88, 021001 (2016).
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BCS<—— (kpa,)'———>BEC

=> Let’s try to examine nucleon superfluid from an ultracold atom perspective
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Outline

* Difference between a ultracold Fermi gas and
neutron matter

 Neutron superfluid
* Neutron-proton pairing and proton superconductivity

 Short summary
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Similarities and differences

Neutron star and cold atom EOS

" PRC, 58, 1804 (1998).
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Similarities:
Many fermions
Strong short-range S-wave interaction

Differences:

Internal degrees of freedom (e.g., isospin)
Finite effective range

Higher-partial waves

Three-body force
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Similarities and differences

Neutron star and cold atom EOS

Similarities:
)5 PRC, 58,1804 (1998) E Many fermions
= APR (2-body +UIX) | i Strong short-range S-wave interaction
20 = APR (Z-bOdY) i ]
SLi (exp.) *
: o [ Differences:
0 . | R Internal degrees of freedom (e.g., isospin)
- . . i i Finite effective range
5 . : Higher-partial waves
A Three-body force
00 0.05 0.1 0.15 0.2
Low dens. n [fm~] High dens.
. : _ 1 1
Phase shift (effective range expansion):  kcotd, = —— + > k275
aS

a: S-wave scattering length 7.4 effective range

Tegs IS SMaller than |ag|, but non-negligible when it is comparable with d ~ k'



Finite-range interaction

Contact-type interaction
‘7 = g CT CT C_yp/ 1Cy,!
9 k+P/2s;"—k+P/2s), —k +P/2s;~k +P/2s,
kk'.P,s,,s) _
*s, = +1/2 : neutron spin

General two-body interaction

oy .t ;
V= 2 vk k )Ck+P/ZSzC—k+P/25;C—k’+P/Zs£Ck’+P/zsz
kk'.P,s,,s)
*V (k, k') does not depend on the CoM momentum P

Partial-wave decomposition

Vik k') = 47TZ Ve(k, k’)Ye,m(E)Yéfm(l?’)
f{m

Y, (k): spherical harmonics with k = k/|k|



Finite-range interaction

General two-body interaction

. I} 1. * 1 T T
V=2nm 7 7 Ve(k, k)Y (k) Yy (K Ck+P/25,C—k+P /25, C—K'+P/25,Ck +P /25,

kk' Ps, s, ¢m
YA VA

Coupling of two spins s, =+1/2 Sz =%1/2

s,s,;s',5,) = z 1S,S,%S,S,l|s,s,;s,s,) $ ‘

S,Sz Clebsch-Gordan coefficient

V=2 7 7 7 Ve(k, k') Ypm (B) Y7 (K'Y (S, S,15, 5,3 8", sy

k,k,,P,SZ ,Sé S)SZ ‘elm

T T
X CripPy2s,C—kp/2s,C—k'+P/2s,Ck +P 25,

*tensor force is neglected for simplicity



Finite-range interaction

General two-body interaction with pair spin §

V =2n 7 7 7 V,(k, k’)Yg,m(/IE)Yzm(l’c\’) (S, S,|s,5,; 5", s)|?

k,k,,P,SZ ,Sé SrSZ f!m

T T
X Cp1P/2s,C—k+pP/2s,C—k'+P/255Ck +P/2s,
Coupling of pair spin and angular momentum g
1€,155,52) = > S}, Jo 163 5,,) o
J.Jz v

V=2m Z yy 7 7 Vo(k, KNI, I, 1€, m; S, S, M2I(S, S,ls, 55587, sp)|2

kk'.P JJz S.S; tm s, s}

\v* T T
X Yt’,m(k) Yom (K )Ck+P/252C—k+P/25;C—k’+P/ZS£Ck’+P/25z



Example of neutron-neutron pairing

Nucleon pairing channel

[ Term symbol: 2°*1¢, 1

1S, (S=0,£=0,] =0)

3P, (S=1,£=1,] =2)

Eur. Phys. J. A (2019) 55: 167

Vis, = 2m Z Z Vo(k, k')1(0,010,0; 0,0 }|?[{0,011/2,5,;1/2,5,)|?
kk'.P s, ,s)

1. * N LT T
X Yo,0(k)Yoo (K )Ch+P)25,C—k+P/25,C~K +P/254CK +P /25,

— 1 V. (k k’) T CT C_ 11 1Cy!
=5 o\ K JC,ip/2s,C kP25, C—k +P/2s;CK +P/2s,
k k' P S, ,sé
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Example of neutron-neutron pairing

Vip, =21 > > Y Y Vil K )WYim BV, (K)(1,ms 1, 5512, J.) (s, 543 8, 5:]1, S5)?

kEk',P m S, s.,s/

X CJIE:+P/2,.SZCT—k*,-l—P/Q,s’Zc_k’+P/275IzCkl+P/2=3z
7. ) 1 7. * (1 1 7. * 7.
—2m 3 VA K) | Vi Y7 () + 3¥io (R () + g¥ia (RYE ()]
k', P
X CL+P/2,1/QCJ[—1<:—|—P/2,1/2C—k’+P/2,1/2ck’+P/2,1/2 (s: =5, =1/2)
SUPUR B AT
b2 30 Vi) [V RV + 5 Yaa (B (R) + Y1 (B ()
k.l P
X C;rc+P/2,—1/26T—k+P/27_1/20—k’+P/2,—1/26k’+P/2,—1/2 (s, =5, =—-1/2)
1 n ~ 2 n A 1 N A
F2m 3 V) | GYa0V ) + 3Y00Yia) + 30 ()
k,k' P
X clJrc—|-P/2,1/20T—k+P/2,—1/2C—k’+P/2,—1/2Ck’+P/2,1/2 (s. =1/2, s, =-1/2)
1 N . 2 n A 1 A N
+2m Y Vi(k k) [§Y1’1(k)Yf1(k’) + §Y1,0(k)y1fo(k') t3 1,—1(’€)Y1f_1(k/)]
k.k' P
X C}:H_p/g,_1/2CT_]H_p/g,l/gc—k’+P/2,1/26k’—|-P/2,—1/2 (Sz — _1/27 Slz - 1/2)'
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Other pairing channels?

HT, H. Funaki, Y. Sekino, N. Yasutake, and M. Matsuo, Phys. Rev. C 108, L052802 (2023).

3P, channel is also attractive
Moreover stronger than 3P, at low energies

(b) <0 I 60 ' ' : I I
25 _ § 40 1 l A
203)1) 20 T SO .........
o 20F =, .
O < 3
— : -20L— — P2 ==
o1)) 15E 0 100 200 300 |
3 E, [MeV]
eed
QD 10+ - ]
5t /////’/ -
0 ””” 1 | | |
0 20 40 60 80 100
E., [MeV]
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Other pairing channels?

HT, H. Funaki, Y. Sekino, N. Yasutake, and M. Matsuo, Phys. Rev. C 108, L052802 (2023).

3P, channel is also attractive

Moreover stronger than 3P, at low energies
= |n the spin-polarized case, 3P, superfluid
may appear in the dilute regime due to the
suppression of 1S, pairing

——— Ground-state phase diagram

s e : 19 N— R—
25‘2_ § 40 l -] 10 F
o0 20 i TR So e 10’8k
— 20F =, < — i |
SE = Apr s 107k
) 15k 205— 60 200 300 = > | 10
Q> 10F 2 Q|
—— 1013__
°] /’////// | 10™E
% 20 40 60 80 100 10'13




1S, channel interaction

0 T T
Vis, = Volk, k') CheypyarC kP 20C—k' +P/20CK +P /21

We need to determine V,(k, k"). How can we do that?

60 | AVI8 -
] SEPI - - |
o 40 SEP3 ——
= 20
S | 1

O+(a) S

O 05 1 15 2
k [fm~1]

HT, T Hatsuda, P van WYk, Y Ohashi
Sc. Rep. 9, 18477 (2019).

= Reproduce the phase shift

1 1,
kcot5k =—a—+§k Teff
S

Once the phase shift is reproduced, two-body
physics does not depend on the construction
of the interactions

(regardless of e.g., chiral EFT, V|, 1»---)
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Separable Yamaguchi potential

Y. Yamaguchi, Phys. Rev. 95, 1628 (1954).

Volk, k') = gyiyi

1
TN YINE

*Simplification for offshell component, but
useful because of analytical form of T matrix

Form factor:

Two-body T matrix
Tk, K'; ) = Vy(k, k') + z Vo(k,p)
p

k';
w + i —pz/mT(p' @)

Ve

= / ,+...
IYrVk +g)’kzw+ i5—p2/myk
p

All terms are proportional to y; v,

= T(k, k'; 0) = v, T (0)y,
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Separable Yamaguchi potential

Y. Yamaguchi, Phys. Rev. 95, 1628 (1954).

1

VO(k' k') = 9YkYx' Form factor: vy, = 1+ (k/N)2

Two-body T matrix

I, — / T I,
T K5 @) = Vol k) + ) Volkp) oo T K )
p
y2
— — p
= 1T (WY = gVeVi’ + 9ViVi! z w15 —p? /mT(w)
p
2 3
g Yp mA 1
T (@) = fy () = ) —— -

1 — glly(w) - w+i6—p?/m 8n (Vmao + iA)z
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Separable Yamaguchi potential

Phase shift of Yamaguchi potential

[T(k, k; 26,)] 7 =

2
1+k2 1 mA3
A

m
= E(k cot 6 — ik)

m 1 1
—_— <—— + _refsz — lk>

z47T as 2

g 8m(k+ iA)Zl

NN parameter
a; ~ —18.5 fm

Teff = 2.75 fm

‘ 3
y A_Zreff<1+\/1_

Reproducing 8, upto k ~ 1 fm™!

O [deg. ]

60 | AVI8 o
; SEPI1 - — |
40 ; SEP3 —
20
0+(a) ,150 -
O 05 1 15 2

k [fm~1]

HT, T Hatsuda, P van Wyk, Y Ohashi
Sc. Rep. 9, 18477 (2019).
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Outline

* Difference between a ultracold Fermi gas and
neutron matter

 Neutron superfluid
* Neutron-proton pairing and proton superconductivity

 Short summary
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Outline

 Neutron superfluid
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BCS-BEC crossover with
separable finite-range potential

_ T T T
H = kackacka + z Vo(k, k') Cheyp a1 C ks p /20—t +P/20CK! +P /21
ko kI P

Pairing term Hartree term (non-negligible for finite range)

_ : o |k —k'| |k—K|
A(k) Z VO(kl k ) (C—k lck T> ZO'(k) = z VO < 2 ) 2 <C]1-’5-Ck,5'>
kl
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BCS-BEC crossover with
separable finite-range potential

_ T T T
H = kackacka + z Vo(k, k') Cheyp a1 C ks p /20—t +P/20CK! +P /21
ko

kk',P
Pairing term Hartree term (non-negligible for finite range)
_ _ ' o |k — Kk'| |k—K'|
AGO) = ZVo(k,k oo 3,00 =y vo< I B KD e o)
kl

Mean-field Hamiltonian

Hyp = Z[fk + Za(k)]cll-gcka Z lA(k)CkTC ke T A*(k)c_ lekT]

ko

Z [Vo(k k' )(CkTC ruc_ k’lck’T>] Z [VO <|p P |,|P PV >< PT)<C;'lCP'¢>]

k. k'
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Hartree-Fock-Bogoliubov theory

*but Fock term is absent
Separable condition: A(k) = _Z Vo(k, k") (C—k’lck’T> = —gVi Zyk’<c—k’lck’T> = Ay,
k' k'

Spin unpolarized: (k) = Z+(k) = 2,(k),n; = (c,tTckT) = (C;:lckl)
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Hartree-Fock-Bogoliubov theory

*but Fock term is absent
Separable condition: A(k) = _Z Vo(k, k') (c_priCrir) = —gVi Zyk’<c—k’lck’T> = Ayg
! kl

Spin unpolarized: (k) = Z+(k) = 2,(k),n; = (c,tTckT) = (C;:lckl)

=D Hue = ¥ Asac 0 — o+ Z i - Z [=(m ]
k

H (k) — é—k + Z(k) —Ay, Eigenenergy:
- Ay ~G—E())  EEe= £V G+ 2RI + AL
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Hartree-Fock-Bogoliubov theory

*but Fock term is absent
Separable condition: A(k) = _Z Vo(k, k') (c_priCrir) = —gVi Zyk’(c—k’lck’T> = Ayg
! kl

Spin unpolarized: (k) = Z+(k) = 2,(k),n; = <ClJchCkT> = (c;:lckl)

2
|:> Hyvr = ZW;ﬁBdG(k)‘Pk Ia” +Z<fk Z [X(k)ny ]
K

q (k) = Sk + 2(k) — Ay Eigenenergy:
PN e S EM)) #E= G (01 HAd)T?

Bogoliubov transformation (same procedure with contact interaction)
Gap eguation Neutron number density

= a0 = = 3 Wk ) g 2tanh(B2) o= 2 )l () + Iuel2(1 - £ )
k 24

2E; 2



Self-consistent equations

Gap equation

ACK) = — zVO(kk) Z(Ek)t h<ﬁ§k>

m 1 N my? tanh ,BEk m
- — _— — {an
4ma; g Lo k? 47‘[as z Vi ZEk k2

Neutron number density

p=2) me=2 ) [l F(E) + w21 - F(EN
k k

Self-energy equation

k k—
Z(k)zzvo(l 21D| | pl) ZV"’ e

p

25



Self-consistent equations

BCS
Gap equation 4 For given p, as;reff\
E ~
ACK) = — zvo(kk) AK) h<ﬂ ") u/ep =1
2Ey 2 X(k)/egp =0
m 1 % z 1 BEy m . Gapeq.= Afeg )
4ma, g * — k? 47‘[as Vi [2Ek tanh( k2

Neutron number density

p=2) me=2 ) [l F(E) + w21 - F(EN
k k

Self-energy equation

k k—
Z(k)=zvo(| 21D|,| pl) ZV'P e

p
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Self-consistent equations

BCS
Gap equation g For given p, as,reff\
E ~
ACK) = — zvo(kk) AK) h<ﬂ ") u/ep =1
2E,, 2 S(k)/eg = 0
1 E Gapeq. = A
4"‘ =4 % zyk [—tanh<'8 ") ;;] \_Cweq. > Aer
ma; g L 47Ta5 2E}, HF-BCS

/ FOr given p, g, Tefs
First, HF calculation

p= Zan = ZZ[IukIZf(Ek) + |vel*{1 = f(Ei}] u/ep, L(k)/eg (A=0)
: “ _ Then, Gap eq. = A/eg,

Neutron number density

Self-energy equation

k k—
Z(k)=zvo(| 2P|,| pl) ZV'P e

p
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Self-consistent equations

BCS
Gap equation g For given p, as,reff\
E ~
ACk) = — zvo(kk) a0, h<ﬂ ") u/ep =1
2E}, 2 Y(k)/eg = 0
1 E Gapeq. = A
m =—+ % zyk [—tanh('g k) TZ] S P& /€ J
dmas g & 47Ta5 2E}, k HF-BCS
7 FOr QiVen p, g, Tepr
Neutron number density _ _
First, HF calculation
p=2 Z ng =2 Z[luklzf(Ek) + vk {1 = f(E)]] u/ e, L(k)/ g (A =0)
k k
kThen, Gap eq. = A/ED
Self-energy equation
gy £q HEB
5 2 obtain 3 quantities

Afer  p/er Z(k)/er
L simultaneously )




Density-induced BCS-BEC crossover

Generalization to finite range

M. Horikoshi and M. Kuwata-Gonokami,
J. Mod. Phys. E 28, 1930001 (2019)
T[T

¢+ B ¢ ¢

Fermi gas ¢ @@
(P ¢ @ Thermal dimer

¢ 3 ¢

BCS superfluid Molecular BEC 1
——————————
~3 kras
BCS limit .2 Unitarity limit BEC limit
k Fleff

2.7

Neutron matter: (kgres) (kpag)™t = ETY
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Density-induced BCS-BEC crossover

Generalization to finite range

M. Horikoshi and M. Kuwata-Gonokami,
J. Mod. Phys. E 28, 1930001 (2019)
T[T

¢+ B ¢ ¢

Fermi gas ¢ w
(P ¢ @ Thermal dimer

¢ 3 ¢

BCS superfluid Molecular BEC 1
——————————
~3 kras
BCS limit ',/ Unitarity limit BEC limit
. .
kFreff
2.7

Neutron matter: (kgres) (kpag)™t = ETY

HFB result at unitarity (1/a = 0)

HT and H. Liang, Phys. Rev. A 106, 043308 (2022).

(a)

o
(0]
T

0 1 2 3 4 5 6
zero-range kr

Finite range suppresses the pairing
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Pairing fluctuations with zero range

Many-body T matrix Pair propagator

9 . 1= fGk+ps2) — fSkep/2)
P, = — ,
1+ gl (P, ivy) mb (P tve) Zk: Ve = Sprpj2 = Sk+p/2

Tmb (P, l.Vg) =

NSR number density with separable finite-range interaction

1 oM, 1 (P, i
pusk =2 Y 60 =5 Tap(Privy) 120
k Pt

engS

au

Thouless criterion

[Toy (P = 0,iv, = 0)]* tanh Tl =0
mb e = 47Ta5 2§k an 2TC TRz T

31



Pairing fluctuations with finite range

Many-body T matrix Pair propagator

9 . _ 2 1- f(flt+P/2) - f(f;;+P/2)
p mb(P l’Vg) - )47 . _r* _ rx
1+ gl (P, ivy) = LV €k+P/2 €k+P/2

Tmb (P, ng) =

& = &x + 2(k): Hartree-shifted dispersion

NSR number density with separable finite-range interaction

1 (P, i
pusk =2 Y () = [T (Pivy) — g 220 oot
k P!

au

15t order (Hartree) term is subtracted

Sy m —0
2&; 2T, ) k?|

32

Thouless criterion

[Top(P = 0,iv, = 0)]7* = Ima Z)’k




1S, critical temperature

HT, T. Hatsuda, P. van Wyk, and Y. Ohashi, Sci. Rep. 9, 18477 (2019).
Neutron Fermi momentum

kF,n [fm'l]
3005 1 15
(a) | _..-": contact -
2.5 ‘' SEP1 —--
~ SEP3 ——
> 2] o
S 1.5}
= 1] \
~ 05! \
90001 0.1 05 1

PIPo  (py= 0.17 fm™3)
@ Lattice QMC: T. Abe and R. Seki,
Phys. Rev. C 79, 054002 (2009).

Viow k+ S. Ramanan and M. Urban,
Phys. Rev. C 88, 054315 (2013) 33



1S, critical temperature

HT, T. Hatsuda, P. van Wyk, and Y. Ohashi, Sci. Rep. 9, 18477 (2019).

Neutron Fermi momentum 1|\/|u|ti-rank with repulsion
an [fm'l] & | | |
’ g 0
0 05 1 15 =3
3 T :: T T ’—E
( a) contact - »-EL: ol
2 5¢ SEP1 —-- - E ol
_ SEP3 —— 2 .l
> 2 r Views = i "’&n 4 | |
515_ | 0 05 1 152
— ) an [fm- ]
=, 1] o
B~ WD
O 5_ ..\‘ @\\\_
00001 04 05 1

PIPo  (py= 0.17 fm™3)

@ Lattice QMC: T. Abe and R. Seki,
Phys. Rev. C 79, 054002 (2009).

Now k: S. Ramanan and M. Urban,

Phys. Rev. C 88, 054315 (2013) 34



1S, critical temperature

HT, T. Hatsuda, P. van Wyk, and Y. Ohashi, Sci. Rep. 9, 18477 (2019).
Neutron Fermi momentum

kF,n [fm'l]
30 05 1 15
(a) | Ccontact e
2.5/ SEP1 ——— -
~ SEP3 ——
> 2] N
2 1.5 |
=, 1) o
~ 05! g
0

1

(b)

L o
T

Multi-rank with repulsion

f

VM (ko) [fm?]
N

@ Lattice QMC: T. Abe and R.

0 001 01 O.
PIPo  (py= 0.17 fm™3)

5

Seki,

Phys. Rev. C 79, 054002 (2009).

Now k: S. Ramanan and M. Urban,
Phys. Rev. C 88, 054315 (2013)

Molecular
“3F Bose gas
T.
41 —
-50 0‘5 'i 0 --""_':/’ ':\.:;;t }.i' Su:erlfl;;
kF,n [f 1_3%:54. ! 7/;2.-)" >BE(2:
J
Cold-atom-like plot
MF (contact)
0.4-
= 0.3 NSR (contact) -
=~
~ 0.2/
0.1+
NSR (MR)
0 ‘ . ‘ ‘
-05 04 03 -02 01 O -
(kF,na"s)-1
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Another effect beyond BCS:
Gor’kov-Melik-Barkhudanov (GMB)

L. P. Gorkov and T. M. Melik-Barkhudarov, Sov. Phys. JETP 13, 1018 (1961).

Screened attractive interaction
by particle hole fluctuations

+O The e ,, S

IA.Chubukov,etaL,PR1393,174516(2016)

-

T, Is suppressed by a factor ~2.2 )

7/3
TEGMB) g (%) ZTFemszas ~ 0.28T ye™2r4s

.

e T
L pmes 1 e
(4‘3)1/3 c 27 c

J

Latest experimental and theoretical
results of T, in the BCS-BEC crossover

030|

GMB=BCS/2. 2

0.25 A

.
.

-----

0.20

Tc/Tr

0.15

0.10 9 _s*

GMB-+pair fluctuations

0.05 T !
1.0

BEC

0?0 015
1/ (kpa)
Interaction strength

BCS

M. Link, et al., PRL 130, 203401 (2023).

GMB-+pair fluctuations : L. Pisani, A, Perali, P. Pieri, and G. C. Strinati, PRB 97, 014528 (20%68).



Another effect beyond BCS:
Gor’kov-Melik-Barkhudanov (GMB)

Screening effect in 'S, neutron superfluid
25 kgn [fm™]
: — SLy4 thin lines: bare V, 30 05 1 1.5
== == SLyS thick lines: + screening ] i contact -
d: . 2.5_(a) / SEPI --- -
— SEP3 ——
> 2 I Vlun-k """"
[P]
S 1.5}
g, 17 .
EH 05’ ‘ \\\\
00001 01 05 1
PlPo

Understimating T, compared to QMC?

kg (fm™)

M. Urban et al., PRC 101, 035803 (2020).
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Another effect beyond BCS:
Gor’kov-Melik-Barkhudanov (GMB)

Screening effect in 'S, neutron superfluid

25 [ T T T T T T T T T T T T T ]
r — SLy4 thin lines: bare V]
s [ -=--- SLyS thick lines: + screening ]
i BSk19 - 1
[oreeenes BSk20 ’
> 1.5 == BSk2l e N ]
= 1F :
0.5F .
0 Lt - N T T T S =
0 0.2 0.4 0.6 0.8 1 1.2 1.4

kg (fm™)

M. Urban et al., PRC 101, 035803 (2020).

(a) Sk.n (l

Enhanced GMB screening b
near the flat band b 4

HT, et al., Phys. Rev. B
109, L140504 (2024)

kF,n[fm-l]
0 05 1 15

(a) :J: éontact I .........

[MeV]

nn

T,

0001 01 05 1
P/Po

Understimating T, compared to QMC?

1 5 T T T T T T T T

w'-.
@
N

12.5

T/E

c 0
_\l RN
(@) ] o

N
(@)]
T

|

| | | | |

1 2 3 4 5 6 7 8 9 10
Effective mass ratio: mz/ml 38




Short summary of neutron superfluid

« The difference between an ultracold Fermi gas and neutron matter,
that is, the non-local interaction has been addressed.

« While it is still challenging to control r.¢ In ultracold atom
experiments, one can bridge two systems by using a reliable theory.

» The finite-range extension of the BCS-Eagles Leggett and NSR

theories has been presented.
T /[T

¢ & ¢ ¢

Fermi gas ¢ @@
@ (ﬁ @ Thermal dimer

BCS superfluid Molecular BEC 1
e a2 2 —=
3 kras
BCS limit .2~ Unitarity limit BEC limit

kF,n [fm™']
30 05 1 15
(a) | _.-": éontact e
2.9 ‘'  SEPl --—
S SEP3 —
0>) 2 _ Vlow-k --------
S 1.5¢
5 1
= 0.5+ \
0

0001 01 05 1
5/Po 3



Outline

* Difference between a ultracold Fermi gas and
neutron matter

 Neutron superfluid
* Neutron-proton pairing and proton superconductivity

 Short summary
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Outline

* Neutron-proton pairing and proton superconductivity
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Difference between cold atoms
and ‘“neutron star matter”

Ultracold Fermi atomic gas Pure neutron matter

Zero-range contact potential
2-component Fermi superfluid

Nuclear force (non-local)
Neutrons (2-component)

Neutron (1) Neutron (|)

°Li (1)

~Us(r—r")"
Contact-type
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Difference between cold atoms
and ‘“neutron star matter”

Ultracold Fermi atomic gas Asymmetric nuclear matter

Zero-range contact potential
2-component Fermi superfluid

Nuclear force (non-local)
Neutron+Proton (4-component)

Neutron (1) Neutron (|)

°Li (1)

SO eLi()
~Us(r—1')"
Contact-type




Finite proton fraction
IN neutron star matter

. p
Proton fraction Y, = —
Pn + Dp

014 | Urca_l_in)il_i_”7__,,_////%”__5_,_.;,,,,,-_-—:
e o ) /ff/—""
Pt e g A18+8v
0.12 Mgl T ]
o0 P U14+UvIl
_ e .
s
. T
A18 (VCS) ~

N2

A18+UIX ’
0.16 /

/ 2

006 - / ,«\é/“ Z A18 (LOB)

2P
0.04 :?F/ /
002 ¢

" U14-DDI (FPS)
D'000.1 1.1 1.3
p[fm ]

Density p [fm

°]

APR, PRC, 58, 1804 (1998)

Typically Y, = 0~

0.1

B equilibrium

HUn = Hp + Ue

Charge neutrality
Pp = Pe

Fermi degenerate chemical potential

_ (3”2pn)2/3

n 2m

— (3”2/910)2/3
2m

p

Lo = (37T2pe)1/3 (relativistic, m, = 0)

Equation for Y, in the non-interacting case

» (1 Y2/3_

hc =1

1/3
2/3 ZmY
p (37-[ p)1/3
*p = pp t Pp

m =~ 939 MeV 44



Finite proton fraction
IN neutron star matter

3§, np phase shift

180 r '
f AVI8
— I SEP1 — — |
ob 120 SEP3 — |
3 Ny QEDU - )l
~ 60_ |
0 ‘(b)l3S1 | S
O 05 1 15 2
k [fm~1]
Teff = 1.76 fm
as; = 5.42 fm

Deuteron binding energy
E, = 2.22 MeV

correlation formation

Q- €

i V|
Dineutron
eutro i‘: §¥ Deuteron

+ Cooper pairing + Large density imbalance
without the density due to small proton fraction
imbalance » Finite binding energy

- No binding energy

How strong spin-triplet np pairing
affects 'S, superfluidity?
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Neutron-proton mixture

Hamiltonian
H=> 7 7 e, Chs v, Chsyr,
Z

spin-singlet isospin-triplet (isovector) interaction

Cy. (k, PYVy(k, k') Cr, (K, P)
ayy

kk, PTZ=_1

spin-triplet isospin-singlet (isoscalar) interaction

1 +1 . ,
+o z z DY (k, P)V.(k, k") D, (k, P)

k,k,,P SZ=_1

Cr,, Dg . pair operators in their channels

. k* . .
@ Kinetic energy: &, = o b @ Chemical potential: p.,
@ Nucleon spin and isospin : st @ Annihilation operator: Cks,z,

@ Nucleon mass: m = 939MeV @ Interaction potential: Vsr(k k') 45



Neutron-proton mixture

Hamiltonian
H = 7 7 7 fkrzckszrz Cks,t,
Z

spin-singlet isospin-triplet (isovector) interaction

z z Cy. (k, PYVy(k, k') Cr, (K, P)

kk, PTZ=_1

spin-triplet isospin-singlet (isoscalar) interaction

+1
1
+2 z z DY (k, PYV,(k, k') Ds, (k, P)

k,k,,P SZ=_1

4 11
CTZ(krP) — z <7!§;SZIS£

! !/

11 ,
) 7 ) 7 y Uy T4
S$z2,:82,Tz,Tz
0,0 > P

11 11
DSZ(k,P) — z <§)7; Z) ><2 ZJTZ)TZ _k+_SzTZ

k+= s)t)
T 2 2 47
K Sz,S7,T2 Ty

~

1, Tz> cC P

Cc




Neutron-proton mixture

s; = +(=)1/2=1()

= Z Z ka,cCLJ,CCk,a,g

o=T,l (=n,p k

7, = +(—)1/2 = n(p)

T T
+ Z Z Vsck+P/2,T,<;C—k+P/2,¢,gC—k’+P/2,¢,Cck’+P/2,T,C

k,k",P (=n,p

E : E : T T
—|_ ‘/tCk+P/2,O’,IlC—k,‘+P/2,O’,pc_k’+P/27o—7pck,+P/2:o—7n

k.k',.Po=1,]

.I.

Vs —I— Vt o
+ Z k+P/2 .0 —k+P/2 1,p¢—k+P/2,,pCk'+P/2,tn

k.k', P

Vi =Vi 4 o
Z 9 Ck+P/2 tnCktP/2,|,pC—Kk+P/2,|nCk/+P /21D

k.k', P

Ve = Vi & o
Z 2 Ck+P/2 p —k—l—P/Q 1,nC—k+P/2, | pCk’'+P/2,t

k.k', P

Vs + V4 e
+ Z 5 Ck+P/21,pk+P/2,| nC—k+P/2,lnCk'+P/2,1p

k.k' P
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Neutron-proton mixture

s, =+(1/2:=1(1) 7, = +()1/2:=n(p)

= Z Z ka,cCLJ,CCk,a,g

o=T,L.(=n,p k n1 (p T) —)—:—)— nt (p T)

T T
+ Z Z Vsck+P/2,T,<;C—k+P/2,¢,gC—k’+P/2,¢,Cck’+P/2,T,C !

k.k/,P C=n,p nl(pl) >>—nl@pl
T T nNo »—» NO
+ Z Z V:GCk+P/2,0',nC—k—|—P/2,cr,pc_k’+P/Qagapck,+P/2aC’;ﬂ !
k.k'\Po=1,| '

Vs + Vst W 4 o A1 > 1
+ Z CkrP/240C—ktrP/2,),pC—K+P/2,l,pCk'+P/2,1n ;
k.k' P

pl
Vs — Vt o p1 nl
Z 9 Ck+P/2 tnCktpP/2,)pC—K+P/2,lnCk’'+P/2,1p

k.k' P nl pl
T Z 2 Ck+P/2 p —k—l—P/Q 1,nC—k+P/2, | pCk’'+P/2,t
k,k’,P p J, n l

Vs + V4 e
+ Z 5 CkrpP/24pC—kt+P/2, i nC—K+P/2,  nCk'+P/2,1,p !
k.k' P nl .y 491



s+ Vi

s+ 1

2

2

:Vs‘l‘Vt
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I I

Vs+V: Vo+T1;

1 ) 5
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NSR theory
In asymmetric nuclear matter

Neutron number density
oIl (P ivy)
PNsRn = Zf@kn)—ﬁz [Ton (P, iv) — gun] —2m——=¢ives 1SOVECtor mn é

k,s,

angp (P, vp) Sived

¢$
> [Tﬁp(P ive) — gnp]anﬁp(P 'i"f’)eiwa Isoscalar np $
ﬁ

On
Proton number den3|ty ( ) é
oI, (P,iv,
PNSRp = 2 fCGrp) — ,BZ Top(P,ivp) — gppl p%yp Isovector pp é

k,s;

Isovector np

1
- E [Tnp (P, iv{) - gnp]
Pt

S
1 [Trfp(p ve) — g1 e P 1ve) iy Isovector np
,3 Oty
3 oIt (P,iv,) . Isoscalar np
Tip(P.ive) = giy] - e
,8 np np a‘up
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NSR theory
In asymmetric nuclear matter

Nucleon number densities » Nucleon chemical potential

PNSRn  PNSR,p Un  Hp

Thouless criterion of various pairing channels

[T,,(P=0,iv, =0)]"1=0 :Isovector neutron superfluid é§
Top(P = 0,iv, = 0)] ~1'=0 :lsovector proton superconductivity ¢$

T5,(P = 0,iv, = 0)] “t — 0 :lsovector neutron-proton superconductivity $

:ﬁ

T (P =0,iv, = 0)] “1'— 0 :lsoscalr neutron-proton superconductivity

=> |_ook for the highest one



Deuteron correlations in uniform matter

HT, T. Hatsuda, P. van Wyk, and Y. Ohashi, Sci. Rep. 9, 18477 (2019).
« BEC-BCS crossover in symmetric nuclear matter

Deuteron condensation in SNM Plot with cold-atom-like scale
8 — 02 T T T
o QEPI /TBECd— 0.1667T%,
— 6 H—— SEP3, SEP3’ 0.15 @ ~~,
% ......... Ti. = % & Molecule
S 4 b 01 'Cooper pair D
— o )
o NSR

10 Molecule - ) ~

2+ % Cooper pair 0.05+

0 a, =542fm >0
0 01 1 2 07 02 03 04 05 06
Low density P/Po High density  High density (kF’nat)'l Low density

2

Dilute deuteron BEC temperature: [T =

| pn
m [3((3/2) 55




Mean-field v.s. NSR

Fluctuation effects on T, in SNM and PNM

—— NSR (7™, PNM)

......... MF (7", PNM)
gl ——NSR(TLSNM) .0

......... MF (7.4, SNM) |
. il
2 |

Pairing fluctuation effects
are more remarkable in np
pairing than nn pairing

PNM (pure neutron matter)

0.1
p/po

SNM (symmetric nuclear matter) 56



Interplay of pairing effects In
asymmetric nuclear matter

Even without deuteron condensations, proton superconducting critical temperature
IS strongly affected by neutron-proton interaction.

Asymmetric nuclear matter: Y, =01 uf,‘ = Up — 21‘; ~ —F},
Signature of deuteron formation
3 (a).l......., Mo 15(b)' T T T
'_12 5R SO nn SO pp |
> . w V' w V | w Vi -
> wo Vi o e
> Ey=-222 MeV




Proton pairing beyond NSR theory

Thouless criterion of proton superconductivity [Tpp(P =0,iv, = 0)]_1 =0

? 4

Proton

N

PP

$

¢ *

> ....... 5.

<é

$

?

N

¢

*In the NSR theory, the Thouless criterion of proton superconducting instability itself is
insensitive to the existence of neutrons.
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- Exatised
spyperconductivity [T, (P = 0,ive = 0)]" = 0
TR XY
_ $>¢Vs <é¢+ *Tpp é
; \?

SUPERFLUID NEUTRONS
SUPERCONDUCTING PROTONS
HYPERONS?

COLOR SUPERCONDUCTOR?

But we have more neutrons In neutron star matter!
=»How do many neutrons affect proton SC?
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Neutron-mediated interaction
between protons

HT, et al., Phys. Lett. B 851, 138567 (2024). V

Proton (1) Proton (|) Proton (T) Proton S

ﬁ--v-‘-"’-—é ‘FN?

p- Spin-singlet proton-proton interaction (as = —17.164 fm)
> 1)

Closeto unitarity (or bound)atsubnuclearden5|t|es( I I
kglas

Neutron-mediated proton-proton interaction (V, » Vg =~ 0)

p,+1/'2 > P, +1/2—)'—|—)‘— +1/2

Vi V)2 ~V/2

Vmed — n,+l/2 + 1/2. n, +1/2‘

V2 ~V/2!

p,—1/2 >—t>— P Ry p,—1/2
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bound diproton induced by
neutron density fluctuations

HT, et al., Phys. Lett. B 851, 138567 (2024).

Vop + Vmea.* polaron effect — bound diproton

100E : s

M /M=05 —— e
> 0 ——
—_ i .
b} .

10k
C E f—
S . Hz=075
o - ,
c QL
° 2 1k .
s - .-""// s
0O & _.-":/ ,’/
[ / 11
(@) [-TQ | ,l" /ﬁ'\o,—/s Z=0.25] |
— 0.1% o |
o o 001 lv o ]
E_ i 0 02 04 0.61 0.8 1]
2 i : ke [fm']
a |
001 : | | | |
0 0.2 0.4 0.6 0.8 1

ki [fm™]

Possibly changing the scenarios of clustering in
neutron-rich nuclei and cooling in neutron stars.

%o
0#0
oroton s it
Proton superconductivity

liD li4 I.IS 2.0
T = 1.5

Coie]

A[MeV]

BF 105

EEN

arXiv:1302.6626
Diproton BEC temperature
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bound diproton induced by
neutron density fluctuations

HT, et al., Phys. Lett. B 851, 138567 (2024).

Vop + Vmea.* polaron effect — bound diproton
100¢

M/ M=0.5 —t e
(@)) L
S
c 10¢
(¢D) — r
> 2
c ]
S =2 1t
g = , ik
o > ] /o0 ( ]
c [ ! 14
O S B 01 fm\ms Z=0.25] |
b — 01: [ ! E
o 0.01 Lt . s E
a r 0 02 04 06 0.8 11
— I ke [fm™']
Q 0.01 : :

0 0.6 0.8 1

ke [fm™]
Possibly changing the scenarios of clustering in
neutron-rich nuclei and cooling in neutron stars.

* But dilute approximation might overestimate E,

e.g., lack of medium interaction induced by three-body force
Y. Lim and J. W. Holt, Phys. Rev. C 103, 025807 (2021)

%o
0 9%
oroton s it
Proton superconductivity

liD li4 I.IS 2.0
T = 1.5

TN Crust-Core

arXiv:1302.6626
Diproton BEC temperature
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Implication of bound protons
IN neutron-star matter

Inner crust Mantle

Outer crust: N,e

N

——=
~4 x10"g cm™3 ~0.8x10"gcm3 ~0.8-18x 10 gcm3

Inner crust: N,n,e @810V cm

e 05%101 g cm3
N\t Ty
1 1.4 x10%g cm™3

Quter core: n,p,e,u
10 km!

Quter crust
Core

L— 100-1,200 m

25-250 m =L 5-30m —>

- |\ ¥
I Pure neutron (supen)fluid e S
Pasta phase Inverted pasta (bubbles)
I \\cutron + proton fluid

https://astrobites.org/2017/10/05/nuclear-pasta-in-neutron-stars/
Neutron SF + nuclei Neutron SF + diproton BEC + nuclei

o O .‘ o
o%‘».'o ."p

Neutron SF + Proton SC




Outline

* Difference between a ultracold Fermi gas and
neutron matter

 Neutron superfluid
* Neutron-proton pairing and proton superconductivity

 Short summary
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Outline

 Short summary

65



Summary of Part 6

« The difference between a two-component ultracold Fermi gas and neutron star
matter has been discussed from a viewpoint of the BCS-BEC crossover theory.

* Strong isovector neutron-proton interaction significantly affects proton
superconductivity even without the neutron-proton pairing (deuteron)
condensation.

 Proton superconductivity beyond NSR theory has been examined, but more
detailed investigation is needed.

~ -~ . LB

3 (a) :::: éontact l """"" _NSR (]Lcnn, PNM)
i J R D PP MF (7", PNM
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O [ lowt T > "’ °
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Appendix



Superfluid phase transition
beyond BCS

We want to know Neutron density vs. Critical temperature (and Gap)

p or kg T. and A
(e.g. NSR correction) (e.g. GMB correction)
8 ' ' roroT T ' ' ' |
——— NSR (7", PNM) 27— |
""""" MF (T7.™, PNM) r —— SLy4 thin lines: bare V|, ]
';' 6  —NSR (T.9, SNM) o[ 7" SLyS thick lines: + screening ]
o | MF (7.9, SNM) i 1
—_—
&U
g [ 2 __.
g e
0 o1 1 2

PP
Sci. Rep. 9, 18477 (2019). M. Urban et al., PRC 101, 035803 (2020).



Gor’kov-Melik-Barkhudarov screening

L. P. Gorkov and T. M. Melik-Barkhudarov, Sov. Phys. JETP 13, 1018 (1961).

Screened attractive interaction
by particle-hole fluctuations

o e o

4

D
T ) e L P
/ = . X - T e
7 - o ¢
iy >

A. Chubukov, et al., PRB 93, 174516 (2016)

A\

4 T, Is suppressed by a factor ~2.2 )
7/3
TEGMB) g (%) ZTF€W/2kFaS ~ 0.28T ye™2r4s
e T
.1 ey 1 ey
(4e)1/3 € S 22°¢

. J

Latest experimental and theoretical
results of T, in the BCS-BEC crossover

0.30 |

GMB=BCS/2.2

0.25

.
.

7

/ ..
| Yeer i~y |
/

0.20

Tc/Tr

0.15

‘.
0.10 9 ,*

GMB-+pair fluctuations

0.05 T
0.0 0.5

1/ (kra)
Interaction strength

1.0

BCS BEC

M. Link, et al., PRL 130, 203401 (2023).

GMB+pair fluctuations : L. Pisani, A, Perali, P. Pieri, and G. C. Strinati, PRB 97, 014528 (20&98).



arxXiv:2402.06454

Generalized GMB approach

0.30

GMB screening on critical temperature

in the single-band BCS-BEC crossover oz
Z.-Q. Yu, etal.,, PRA 79, 053636 (2009). . o207
v 015

GMB screening is significant when
particle-hole fluctuations are strong.

Large Fermi surface (FS) + finite range

O

* QMC-lby[31]| |

QMC-2 by [32]

-20 15 10 05 00 05 10 15 20

l/kFa_‘,

BEC

Interaction strength

attractive interaction is replaced by the screened interaction

8

UP1:P2:P3:P4) = 8 + Upnd(P1,P23P3:P4) =
1+ gx(p,

—P4)

Particle-hole bubble is replaced by the one averaged at the Fermi surface

k’—2k|

x)=—5 fld ﬁfcdkkfl
= COS - n
=42 ) o T K s 2k
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GMB corrections and beyond

L. G. Cao, U. Lombardo, and P. Schuck, L. Pisani, et al., PRB 97, 014528 (2018).;
PRC 74, 064301 (2006). 98, 104507 (2018).
M. Urban, et al., PRC 101, 035803 (2020). . o
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NG mode gap and FFLO-like correlations

» NG mode gap at critical temperatures » FFLO-like correlations in ANM
10— —r—— T 1

© o o o
L O O

N

D (g, T, ")
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Spin-triplet neutron-proton interaction

Faa’ (ka k,; q, iVﬁ) — [LI(Q: iyﬁ)(sa,a’ + LO(qa Z.VE) (1 — 60’,0’)] Yk Vk!

_ /. . _ .
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Self-energy of protonic polaron

Many-body T-matrix approach

Spo(Byiwn) =T Y Y Too(q/2—k,q/2 — k; q,ive)Gu(q — Kk, ive — iw,)
q o' vy

Reproducing cold atom experiments

Atomic polaron energy Critical temperature Photoemission spectra
2 ‘ ‘ T . T TMBEC = 0218TF
Repulsive polaron 0.3 ‘ ‘ ‘ ‘ ‘ \\
- . - [ m
) 1M 0.25
o 02 ]
0 7 =
% | 01
§ 0.1
Al 0.05;
Attractive polaron %5 1050 05 115 2
% o0z o 8 1 12 BCS Vkea BEC ~o

4 0.6 _10.
(kFas) Plkg

HT and S. Uchino, NJP, 20, 073048 (2018). M. Ota, et al., PRA 95,053623 (2017). 74



Proton spectral weight in neutron-rich matter

1
Aps(k=0,w) = —;ImGpU(k =0,w)

(5

Deuteron energy

~ —2.2 MeV

\ j’joé‘i .

'=2.0MeV N\ o TG ©

-30 “—
0.2 0.4 0.6 0.8 ‘\1

kp [fml] Attractive polaron

Protonic polaron can be stabilized even under the deuteron correlations



Protonic polaron energy

Landau-Pomeranchuk energy density (T = 0)
E/A = Epyy + Ep pp/pn + O(PS)

Energy density with symmetry energy
Pn — Pp
E/A = Esyy + SB + 0(B? =—
/ snm T SB B°) B on P

VA
Gpo(k,w) o~
b k? .
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0 T
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